Abstract-A novel microwave device for accelerating charged particles based on twisted waveguide is presented. Twisted guides support slow-wave TM modes whose phase velocity could reach the speed of light c. The axial electric field in these structures can travel synchronously with the particles to achieve nearly uniform acceleration in a traveling-wave topology. The advantages of using twisted guides over conventional RF accelerating cavities are discussed. We present two types of twisted accelerating structures, one analogous to the well-known disk-loaded accelerating structure, and the other analogous to the popular elliptical (or TESLAtype) accelerating geometry. The propagation characteristics of these two structures are considered, and prototypes are made to experimentally validate our theoretical results.
I. INTRODUCTION
RF cavities have long been used to accelerate charged particles to achieve high electric field strengths and because of the wide availability of high power RF sources. However, special care must always be taken to match the phase velocity of the wave in the RF structure (whether it be traveling or standing) to the velocity of the particle to be accelerated. This constraint prohibits empty straight waveguides and cavities from being used, because the phase velocity in such structures is always greater than c. Dielectrics can sometimes be used to circumvent this problem, but dielectrics introduce difficulties of their own, such as outgassing and dielectric breakdown. In practice, corrugated structures are almost always used to achieve slow wave operation, since these structures tend to have high accelerating electric field and can also be used in a superconducting regime.
On the other hand, corrugated structures present problems such as more expensive manufacturing, more difficult tuning procedures, and the potential for "trapped modes"; these are modes whose frequency resides in a stop band and, as a result, are not able to propagate out of the structure [1] . Such modes are particularly problematic in high Q superconducting structures, where they may be permitted to persist for a long time with little decay and act detrimentally on the particles.
In this paper, a twisted waveguide accelerating structure is discussed that seeks to combine the advantages of a straight uniform waveguide with those of an empty corrugated structure. The twisted guide was originally proposed by Kang [2] , with a more detailed analysis carried out in [3] . It was shown [3] that the twisted waveguide structure can be designed to support slow wave accelerating modes with good figures of merit. Here, we discuss the twisted guide from a microwave engineering perspective. First, the geometry of the twisted structures is described mathematically. Secondly, the eigenmodes and dispersion curves are compared to corrugated RF structures. Finally, two twisted prototypes are discussed, with excellent agreement obtained between experiment and prediction.
II. TWISTED STRUCTURE GEOMETRY
A simple example of a twisted structure is a twisted rectangular waveguide, originally analyzed by Lewin [4] . In this case, the waveguide is essentially a straight rectangular guide twisted uniformly about its longitudinal axis. Although this simple case is instructive, it is not necessarily good for accelerating particles. Therefore, we wish to consider other cross sectional geometries other than a rectangle. Our strategy is to pick a cross section that generates a 3D twisted structure whose longitudinal cross section matches some given rotationally symmetric accelerating structure. This can always be done as follows:
Start with some rotationally symmetric structure defined by
where g is a periodic function with period ∆z. Next, a 2D transverse cross section is defined in polar coordinates (ρ, φ)
We then take this cross section and twist it about the longitudinal axis at a twist rate
(p is in Rad m ). The 3D geometry produced by this method will always yield a longitudinal cross section identical to the original rotationally symmetric accelerating structure.
For example, assume we began with a regular disk-loaded accelerating structure (a cylindrical waveguide periodically loaded with metal irises.) Applying the procedure described above will yield the notched cross section of Fig. 1 (a). This cross section is then extruded while twisting at a constant rate to yield the shape (b), whose longitudinal cross section is the same as the disk-loaded structure we began with. Geometry of an elliptical or TESLA-type accelerating structure.
Because this twisted structure has such structural similarity to the disk-loaded accelerating structure, it is expected that it may be a good candidate for particle acceleration. This is indeed the case, as will be demonstrated in the next section. Before we discuss the electromagnetic properties of this structure, we will introduce another class of structures formed using the same procedure just discussed. In particular, we consider an elliptical cavity, also widely used in the accelerating field. The longitudinal cross section of this rotationally symmetric structure can be described in cylindrical coordinates by joining ellipses and tangent lines as shown in Fig. 2 .
Following the procedure for creating the twisted analog, we twist the cross section of Fig. 3a , and form the 3D structure of (b).
III. ELECTROMAGNETIC CHARACTERISTICS OF TWISTED GUIDES
In this section, we begin by presenting some specific characteristics of the twisted analogs of the disk-loaded and elliptical accelerating structures. We then generalize our results by reviewing some of the salient features of the twisted guide in contrast to corrugated accelerating structures.
A. Two twisted cavity examples
First, consider the twisted "notched" structure of Fig. 1 . We began with a disk-loaded accelerator design from the a b Fig. 3 . Twisted analog of an elliptical accelerating structure.
Stanford Linear Accelerator (SLAC) [5] , designed to accelerate relativistic electrons, and constructed its helical analog. It was discovered upon CST [6] simulation that the fields were very similar to the fields of a disk-loaded structure, with the exception that the resonant frequency had shifted up by roughly 30%. As a result, the phase velocity was too high to accelerate the electrons. To compensate for this, the outer radius was increased until the phase velocity was brought back down to the speed of light c. The dimensions for the final twisted structure are shown in Table I , while the simulated fields are shown in Fig. 4 . A periodic boundary condition was enforced on each end of the structure, with 0 degrees of phase shift between the two ends. This yielded a wave with the same propagation constant as the orginal SLAC accelerating structure. The dispersion curves for this structure are shown in Fig. 5 for several values of the twist rate p. These simulations were carried out using the straight guide equivalent model of [7] .
Unlike the dispersion curves of corrugated structures, it may be noticed that there are no stop bands present for this twisted structure; this is an important feature which we shall return to later in this section. Instead, the dispersion curves resemble more closely the dispersion characteristics of a straight waveguide.
The second structure considered, the elliptical guide, was designed following one of the superconducting cavity designs at the Spallation Neutron Source (SNS), operated at 805 MHz and used to accelerate non-relativistic ions at 61% the speed of light. Once again, the twisted analog to this structure had a somewhat higher resonant frequency than the original structure (by roughly 30 %), so the outer dimension of the twisted structure was increased in order to keep the phase velocity constant. The final design was scaled to operate at 2.8 GHz, and had an inner radius of 1.24 cm, an outer radius of 6.37 cm, and a twist rate 96.2 Rad/m. The twisted structure admits field solutions of the type shown in Fig. 6 .
The dispersion curves are similar in appearance to Fig.  5 , and will be presented in the next section along with experimental data.
B. Discussion
There are several prominent electromagnetic features of twisted accelerating structures. First, we notice that the phase velocity can be adjusted to well below the speed of light. Also, twisted structures can be easily tuned if operating in a standing wave mode simply by shifting the position of the terminal end walls, effectively changing the allowed values of the propagation constant. This, in turn, will slightly shift the operating point on the dispersion curve, allowing it to operate at a different phase velocity. On the other hand, corrugated accelerating cavities that operate in a standing wave mode must be tuned cell by cell, adding to the manufacturing difficulty.
It should be mentioned in this discussion that the dispersion curves predicted for an infinite twisted waveguide may be different than the curves for a waveguide terminated by metal end walls, as discussed above. This is because of the perturbation introduced by the metal walls, whose imposed boundary conditions do not conform to the periodic field solutions.
To develop an accurate model of the structure accounting for all end effects, a 3D numerical method must be used. However, a simplification to 2D can be made if the waveguide is assumed to be infinite [7] , an assumption that often does not significantly alter the dispersion characteristic, but can cause large discrepancies in the electric field strength close to the metal walls.
A second important feature of the twisted guide is that the fields along the center axis of the twisted guide (where the particles ideally reside) can be designed to be purely axial. This is because for the designs considered, each electromagnetic mode solution is necessarily degenerate due to the rotational symmetry of the structure. In particular, any field solution rotated 180 degrees about the center axis must also be a solution, i.e. the physical structure maps back onto itself under this rotation. Adding these degenerate field solutions together, one obtains both electric and magnetic fields that are purely axial at the center, since any transverse component of the original field solution is annihilated by the rotated field solution. This is important because any transverse field components along the particle axis can cause defocusing of the particle beam and result in instability.
Finally, as mentioned previously, the twisted guide has dispersion characteristics resembling a straight waveguide, rather than possessing the stop bands normally associated with periodic structures. This is because there exists an exact mathematical analog that relates the twisted guide to a straight waveguide [8] , [7] . As a result, the problem of "trapped modes" can be effectively circumvented. 
IV. EXPERIMENTAL RESULTS
Two prototypes were fabricated at S-band; one had a notched shape, and the other an elliptical shape. These prototypes are shown in Fig. 7 . They were manufactured by QuickParts using 3D printing, and then electroplated on the inner surfaces and flanges. Copper end plates were affixed to each end, and probes were placed in the end walls. The resonant frequencies were measured using a network analyzer, and a beadpull measurement [9] was performed to measure the electric field distribution along the center axis of the twisted structure.
Since the resonant frequencies are known from measurement and the propagation constant can be obtained from the beadpull measurements, it is possible to construct dispersion diagrams for the TM modes of interest. These curves are shown in Fig. 8 . Despite the perturbations to the periodic fields introduced by the metal end walls, the experimentally measured dispersion curves were close to those predicted by theory. The measured resonant frequencies for the notched structure are also compared to our theoretical results in Table  II. V. CONCLUSION A novel twisted waveguide based accelerating structure has been presented. These structures support TM modes with an axial electric field that can be used to accelerate charged particles. These twisted structures can be easier to tune and have less problem with trapped modes compared to normal corrugated accelerating structures. A technique was presented to find twisted analogs to rotationally symmetric structures. Two specific examples were considered: one analogous to the disk-loaded accelerating structure, and the other analogous to the elliptical cavity. Two prototypes were fabricated and measured experimentally, and excellent agreement was obtained between the predicted and measured results. This twisted guide accelerating structure has great promise for use in future accelerators. The wide range of achievable phase velocities indicates that twisted structures can be used for both relativistic and non-relativistic particle accelerators. Since no dielectrics are employed, the twisted guide is also a good candidate for superconducting applications. Finally, twisted guides could possibly be mass produced more cheaply than conventional corrugated structures. The advantages of twisted guides and cavities should not be overlooked in the design of the next generation of particle accelerators.
